IDENTITIES INVOLVING VALUES OF BERNSTEIN, 
g-BERNOULLI AND g-EULER POLYNOMIALS 



A. BAYAD AND T. KIM 



Abstract In this paper we give some relations involving values of g-Bernoulli, 
g-Eulcr and Bernstein polynomials. From these relations, we obtain some interest- 
ing identities on the g-Bernoulli, g-Euler and Bernstein polynomials. 



1. Introduction and preliminaries 

Throughout this paper, let p be a fixed odd prime number. The symbols, Z p , Q p 
and C p denote the ring of p-adic integers, the field of p-adic numbers and the field 
of p-adic completion of the algebraic closure of Q p , respectively. When one talks 
of g-extension, q is variously considered as an indeterminate, a complex number 
q £ C, or a p-adic geC p . Let N be the set of natural numbers and Z + = NU {0}. 
Let x = p r j where r £ Q and (s, t) = (p, s) = (p, t) = 1. Then the p-adic absolute 
value is defined by \x\ p = p~ r . If q £ C, we assume \q\ < 1, and if q £ C p , we always 
assume |1 — q\ p < 1. 

Let C p >. = {£ = 1} be the cyclic group of order p™. Then, the p-adic locally 
constant space is defined as T p = lim n _>. 00 C pn ( see QZ3). Let UD(Z p ) be the space 
of uniformly differentiable functions on Z p . For / £ UD(Z p ), the bosonic p-adic 
invariant integral on Z p is defined by 

r p n -i 
h{f)= f(x)dp(x) = Jim V f(x)fi(x+p N Z p ) (1) 

l p"" 1 

= jfc-w E fw> ( see nanDiiniisi). 

P x =0 

From (1), we note that 

Hh)= I f(x + l)dn(x)= [ f(x)d l i(x)+f'(0), (2) 
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where fi(x) = + (see QUE)]). 

Let / G UD(Z P ). Then the fermionic integral on Z p is given by 

r p n -i 
Z-i(/)= / f(x)dfi. 1 (x) = lim f(x)^ 1 (x+p N Z p ) (3) 

P N -1 

= hm V /(x)(-ir, (see [SI El EI). 

AT— ^oo * — * 

As known results, by (3), we get 

= -/_!(/) + 2/(0), ( see [15]). (4) 

By using (2) and (4), we investigate some properties for the q-Bernoulli polynomials 
and the q-Euler polynomials. 

Let C[0, 1] be denote by the space of continuous functions on [0, 1]. For / g C[0, 1], 
Bernstein introduced the following well-known linear positive operator in the field 
of real numbers R : 

n , / \ n , 

fc=o n \ ' fc = o n 

where (») = "("-D-- fc ("-fc+D = (see |H EH E| [S E] ) . Here, l n (/|aO 

is called the Bernstein operator of order n for /. For k,n 6 Z + , the Bernstein 
polynomials of degree n are defined by 

B k , n (x) = Qz fe (i - a;)"- fc , for x 6 [0, 1]. (5) 

For x £ Z p , the p-adic extension of Bernstein polynomials are given by 

5 fe ,„(a;)= ^a; fc (l -x)"- fe , where fc,nGZ+, ( see [M [H [5] . (6) 

The purpose of this paper is to give some relations for the q-Bernoulli, q-Euler and 
Bernstein polynomials. 

From these relations, we obtain some interesting identities on the q-Bernoulli, 
q-Euler and Bernstein polynomials. 



2. Some identities on the ^-Bernoulli, <?-Euler and Bernstein 

polynomials 

In this section we assume that q e T p . Let f(x) = q x e xt . From (1) and (2), we 
have 

/ f(x)d f i(x) = ( see mJI). (7) 

h p qe* - 1 

The g-Bernoulli numbers are defined by 

= e B( g )t = ^ 5n(5) _ ) ma), (8) 

n— 
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with usual convention about replacing B n {q) by B n {q). 

By (7) and (8), we get Witt's formula for the g-Bernoulli numbers as follows: 

/ q x x n dn(x) = B n {q), n £ Z+, ( see [10]). (9) 

Jz p 

From (8), we can derive the following recurrence sequence: 

f 1 if n = I, 

B (q) = 0, and q(B(q) + 1)" - B n (q) = { (10) 



if n > 1, 



with usual convention about replacing B n (q) by B n (q). 
Now, we define the g-Bernoulli polynomials as follows: 



1 e *t _ e B(x\ q )t 



qe l — 1 



00 f n 

Y. B iMi)- v (ii) 



with usual convention about replacing B n {x\q) by B n (x\q). 
By (2) and (11), we easily get 



r y- 00 4-n 

Thus, we also obtain Witt's formula for the g-Bcrnoulli polynomials as follows: 

q y (x + y) n d»(y)=B n {x\q), for n £ Z+. (13) 

By (9) and (13), we easly get 

Bn(x\q) = J2(f) Xn ' lB ^ 



1=0 



(x + B{q)) n , for n £ Z+. 



It is easy to show that 



t ( t \ ( 1 - q- 1 



qe l — 1 \q{l — q 1 )/ \e* — q 1 

^ 00 j.n+1 

n——r) E + 1)7^T 



(14) 



n=0 



where -ff„(q 1 ) are the n-th Frobenius-Euler numbers ( see [TTjL 
By (8), (10) and (15), we get 

B n+1 (q) _ H n {q- 1 ) _ H^q- 1 ) 



n+1 qil-q- 1 ) q-l 
Therefore, by (15), we obtain the following proposition. 
Proposition 1. For any n £ Z + , we have 

B n+1 (q) _ H n {q- 1 ) _ H^q- 1 ) 



(15) 



n+1 qil-q- 1 ) q-l ' 
where H n (q^ 1 ) are the n-th Frobenius-Euler numbers. 
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From (11) and (12), we can derive the following equation: 
qt 



_ e (l-x)t 



'!• ' — 1 . 

y * n=0 



ii=*n e "" t = E*'(*i9" l )(- 1 ) B ^. ( 16 ) 



and 



00 in 
1-1?)* = ^^(1-^)1-. (17) 



ge* — 1 

n— 

By comparing the coefficients on the both sides of (16) and (17), we obtain the 
following theorem. 

Theorem 2. Let n 6 Z + . TTiera we have 

qB n {l-x\q) = {-l) n B n {x\q- X ). 
From (10) and (13), we have 

B n (2\q) = (B(q) + l + l) n = f2( 1 f)Bim (18) 



1=0 



= ^(ff) + jE(?)«^iiff) = iE(?)w 

= ~.B„(1|?) = -5-g^„(l|g) = ^B n {q), while n > 1. 

Therefore, by (18), we obtain the following theorem. 
Theorem 3. For n G Z + wit/i n > 1, we /icrae 

g 2 B„(2|g) = B„(q). 
By (9) and (13), we easily see that 

<T X (1 - x) n dn(x) = (-1)"/ g" x (a;-l) n d/i(x) (19) 



g / (x + 2) n q x dfi{x) 
^ x n q x dfi(x). 



Therefore, by (19), we obtain the following theorem. 
Theorem 4. For n G N with n > I, we have 

[ q- x {l-x) n dn(x) = - [ x n q x dfj,[x). 
Jz p 1 Jz p 

Let f(x) — q x e xt . Then, from (3) and (4), we note that 

/ q x e xt dn-x(x) = -, (see Q3QllIl[2l]). (20) 

Jz p qe t + l 

In [TB], the g-Euler numbers are defined by 

— =^ wt = £W^ (2D 



qe l + 1 ' n 

n— 
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with usual convention about replacing E n (q) by E n (q). 
Let us define the g-Euler polynomials as follows: 



n ^ j-n 

- e *t = e E(x\ q ) t = y E f x \ q \'_ (22) 



?e* + i 

n— 



From (3) and (4), we note that 

Thus, by (22) and (23), we get 

qy{x + y) n dn- 1 {y)=E n {x\q), for n G Z+. (24) 
By (20), (21) and (24), we get 

KM?) = E l^^'Bi,, = (* + £(?))" , 



with usual convention E(q) n by E n (q). 
In [2], it is known that 



and 



/ q- x (l-x) n dfj,-i{x)=2 + - I x n q x d l i-i(x), ( see [13]). 
For a; 6 Z p , by (6), we have 



where B^ n {x) are Bernstein polynomials of degree n. 
Therefore, by (27), we obtain the following proposition. 

Proposition 5. For n G Z+, we /lave 

B n (l-i|g) = 5^Bi,„(i)B I (g)a!- , ) 

where Bi, n (x) are Bernstein polynomials of degree n. 
From (7) and (20), we can derive the following equation: 



(25) 



qE n (2\q)=2 + -E n (q), (26) 

? 



B n (l-z|g) = £ (l-aO-^K?) (27) 

= E^a-^-vsK?^ 

n 

- 5>,n(^(?)z 
Z=0 



9+ 

g»+» e (»+y)* dA1 _ 1 (^^(y) = (28) 
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By (8), we get 



-^=^ = ^2^)^. (29) 

y n=0 

By comparing the coefficients on the both sides of (28) and (29), we obtain the 
following theorem. 

Theorem 6. For neZ + , we have 

-L / / q *+y(x + yT+ 1 d^ 1 (xW(y)=B n (q 2 ). 

By using (9) and (24), we obtain the following corollary. 
Corollary 7. For neZ + , we have 



^jz{ n i ) E M)Bn-i{q) = B n {a 2 

1=0 ^ ' 



From the definition of Bernstein polynomials, we note that 

Bk, n (x) = B„-fc,„(l - x), for n, k e Z+. 

Thus, we have 

,1 % / n\ / 1 \ / 1 \ / 1 \ 



Bk,n( 2 ) -B n -k, n { 2 , y k jy 2 J \2 J \2 J \l 
Therefore, we obtain the following lemmma. 
Lemma 8. Let n,k 6 Z + . Then we have 

B k , n {\)={^) [l 

By Lemma 8 and Corollary 7, we obtain the following corollary. 
Corollary 9. For neZ + , we have 



B n(l 2 ) = ^T,(f) E ^)Bn-l(q) 
= J2BubEl(q)B n ^(q). 



1=0 

For the right side of (28), we have 

„ oo oo / oo \ 

= -2i£^- = -2i£ 2 » S ^ ro » y (30) 

^ m=0 n=0 \ m=0 / 

oo / oo \ +1 

In (29), we see that B (q 2 ) = 0. By comparing coefficients on the both sides of (29) 
and (30), we obtain the following theorem. 
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Theorem 10. For n e Z+, we have 

- 2 mLi) /z L « x+y (*+yrd»-i( X w(y) = f: q ^rn". 

\ J J £. p J IL V m =0 

By (9), (24) and binomial theorem, we obtain the following corollary 
Corollary 11. For neZ + , we have 

oc . n+l , 

E ^ - - 24+d E ( ! >(«)^i-.(«)- 

m=0 v y ;=o v 7 

By Lemma 7, we obtain the following corollary. 

Corollary 12. For neZ + , we ftawe 

oo n+l 
m=0 (=0 

It seems to be important to study double p-adic integral representation of bosonic 
and fermionic on the Bernstein polynomials associated with q-Bernoulli and q-Euler 
polynomials. Theorem 10 is useful to study those integral representation on Z p 
related to Bernstein polynomials. Now, we take bosonic p-adic invariant integral 
on Z p for one Bernstein polynomials in (6)as follows: 

f B k>n {x)q x d^x) = f ( n \{l-x) n - k x k q x d^x) (31) 

- (;)£(" 7 

From the reflection symmetry of Bernstein polynomials, we have 

Bk, n (x) = B n _fe, n (l - x), where n, k e Z+. (32) 
Let n, k G N with n > k + 1. Then, by (32), we get 

/ B ktn (x)q x dfi(x) = / B n _ fc ,„(l -x)q x dn(x) (33) 

- <:)gC)(-i)'-'^-,( 9 -'). 

Therefore, we obtain the following theorem. 
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Theorem 13. Let n, k E Z + with n > k + 1. Then we have 

f B^ixtf-'d^x) = 2 k (f) V B Lk (\)(-l) k - l B n ^{ q )- 

By (31), we obtain the following corollary 
Corollary 14. For n,k e Z + with n > k + 1, we have 

/„\ i "- fc 1 

22? 1 J%(2 )( " 1)fc " iBn - l(9) = 2n? S Vfc( 2 )(_1)i5w(9) ' 
^ ' 1=0 

Let m, n, fc e Z + , with m + n > k + 1. Then we have 

2fe /o;„\ /• 



n Wm 



E f 2 f) (-l) Z+2fe 9 / <f + 2)"+— 'd/i(x) 
W^V-l^iW^)- (34) 



2fc 

n \ / m ' 



Therefore, by (34), we obtain the following theorem. 

Theorem 15. Let to, n, fc e Z + wif/i m + n > k + 1. TTierc we /lave 

jf BinWBin.W^ 1 *^) = Q ^2 2fe Ei? ; ,2 fc (i)(-l)' +2fe i3„ +m -i(9)- 
By binomial theorem, we easily get 

- .(DO if ( o+ r*)<- i > , 'Wi>- < 35 > 

By (35), we obtain the following corollary. 

Corollary 16. Let m,n,k e Z + wif/i n + to > 2k + 1. T/ien we /iave 

2fc n-\-m—2k 1 -. 

2«g(-l)'+2* B , i2fc ( -)B„ +ro _ i (g)=2"+ m g ]T (- 1 )'^,™+m-2fe(^)^ +2fc (-). 
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For s G N, let m, n2, . . . , n s , k £ Z+ with n\ + + • • • + n s > sk + 1. 

| B Ml (a)---B M .(aOg- x d/i(aO = (^) ' ' ' (^) ^ ar 8fc (l-a;r + - + "'g- !B dMa;) 

(l 1 ) • • • ( n ;) E(- 1 ) sfe+i / a - *r + - +n °- l <i- x dn(x) 



Z=0 



1 / nA / n s \ v /sfc 



* E 7 (- 1 ) Sfc+ ^- + ...4^-«(9). (36) 



q\k I \k I ^ V I 
Therefore, by (36), we obtain the following theorem. 

Theorem 17. For seN, let m, ri2, ■ ■ ■ , n s , k € Z + wzi/i m +n 2 H hn s > sfc + 1. 

T/ien we /lave 

/ i?^^)--^^^ 1 -^^) = Q •■• ^2 sfe ^(-l) sfc + ( J B, sfc (i) J B„ 1+ ... +ns _ i ( (Z ). 

From binomial theorem, we can easily derive the following equation: 

B k , ni {x) ■ ■ ■ B kins (x)q- x dii(x) (37) 

n M I n s\ ( ni + ■ ■ ■ + n s — sk y 



2=0 

ni\ (n s \ m—^ fm-\ \-n s -sk\ , x 

By (37), we obtain the following corollary. 

Corollary 18. Let s G N and m, 112, • • • , n s , k G Z + with n\+U2 + - • - + n s > sfc+1. 
T/ien we have 

7llH sfc 

2 „ 1+ ...+„ s - 2sfc(Z (_i)'B Iini+ ... +n< _ afc ( ) Bj+afc ( g -i) 

sk _. 

= ^BM fe (^)(-l) i+sfe B„ 1+ ... + „ s -K?)- 

3. Further remarks 

In this ection, we assume that q G C with |g| < 1. The g-Euler polynomials and 
(^-Bernoulli polynomials are defined by the generating functions as follows: 

F q E (t, x) = —j—e xt = V E n {q\x)- \t + logq\ < n, 
H qe l + 1 ^ n! 

n=0 

and 

£ °° i n 

if = -^-^ = ^£4^)-, |i + Zo 9g | <2tt. (38) 

QG ± Ti. 

n— 
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In the special case x = 0, E(0\q) = E n (q) are called the n-th g-Euler numbers and 

B n (0\q) — B n (q) are also called the n-th g-Bernoulli numbers. 

As usual convention, let us define F^(t, 0) = F^(t) and F^(t, 0) = F^(t). 

For s 6 C, we have 



r( s ) 



r°° n r°° *>-' 

/ Ff(-t,iye-'dt = -f- / - — — —^^dt 

Jo T (-V Jo l-qe 1 

m =0 T{ - S > J 

E g \ -» 9 

„ (m + l) s ~ ^m s ' 



(39) 



m=0 m— 1 

From (39), we defineg-zeta function as follows: 



z — / TO s 



Note that C?( s ) has meromorphic continuation to the whole complex s-plane with 
a simple pole at s = 1. 

By (38), (39) and elementary complex integral, we get 

C«(l -») = (-!) = < , t> t Q \ (40) 

n 1 (-l)«^«i if n > 1. 

From (38), we note that 

2i 



oe* + 1 / \ oe* — 1 / o 2 e 2t 

7 v 7 * n=0 



1 ' n! 



and 

t 



^qe* + 1/ \ge' — 1 
Thus, we have 



= e (B(q)+E(q)) 



00 in 

t = ^(i?(,)+i?( 9 )ri T . 



n=0 



(41) 



2" J B„(< 7 2 ) = (B(q)+E(q)r = £ ("^(g^-lfa), 

with usual convention about replacing B n {q) by B n (q). 
By (42), we get 

B »(9 2 ) =iE tf-IEI). (42) 



From (40) and (41), we can derive the following equation: 

n + 1 n + 1 

n+l 
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